TOPOLOGICAL STRUCTURE OF (PARTIALLY) 
HYPERBOLIC SETS WITH POSITIVE VOLUME 

JOSE F. ALVES AND VILTON PINHEIRO 

Abstract. We consider both hyperbolic sets and partially hyperbolic 
sets attracting a set of points with positive volume in a Riemannian 
manifold. We obtain several results on the topological structure of such 
sets for diffeomorphisms whose differentiability is bigger than one. We 
show in particular that there are no partially hyperbolic horseshoes with 
positive volume for such diffeomorphisms. We also give a description of 
the limit set of almost every point belonging to a hyperbolic set or a 
partially hyperbolic set with positive volume. 
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1. Introduction 

Since the 60's that hyperbolic sets have played an important role in the 
development of the Theory of Dynamical Systems. These are invariant (by 
a smooth map) compact sets over which the tangent bundle splits into two 
invariant subbundles, one of them contracting and the other one expanding 
under the action of the derivative of the map. In this work we are concerned 
with discrete dynamical systems (smooth transformations of a manifold), 
but our techniques proved also usefulness in the continuous setting (vec- 
tor fields in a manifold), specially for the study of singular- hyperbolic sets 
done in [2]. In the last decades an increasing emphasis is being put on 
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the dynamics of partially hyperbolic sets. These are compact invariant sets 
for which the tangent bundle splits into two invariant subbundles having 
contracting/expanding behavior in one direction and the other one being 
dominated by it. Precise definitions of all these objects will be given in the 
next section. 

In this context a special role has been played by the horseshoes, which 
have been introduced by Smale, and as shown in ^Fj\, always exist near a 
transverse homoclinic point associated to some hyperbolic periodic point 
of saddle type, i.e. a point whose orbit asymptotically approaches that 
saddle point, both in the past and in the future. Horseshoes can be used to 
show that transverse homoclinic points are always accumulated by periodic 
points, but the dynamical richness of these objects goes far beyond the initial 
application by Smale, and since then many other results have been proved 
using horseshoes. These are Cantor sets which are, in dynamical terms, 
topologically conjugated to full shifts. 

A special interest lies in the horseshoes that appear when one unfolds a 
homoclinic tangency. Knowing how fat these horseshoes are can have several 
implications in the dynamical behavior after the homoclinic bifurcation. In 
this setting we mention the thickness, which has been used by Newhouse ^U] 
to prove the existence of infinitely many sinks, and the Hausdorff dimension, 
which has been used by Palis, Takens and Yoccoz to study the prevalence of 
hyperbolicity after the unfolding of a homoclinic tangency; see [111 1121 HB] , 

One interesting issue we will be addressed to is the volume of horseshoes. 
As shown by Bowen in j^j, there are C 1 diffeomorphisms with hyperbolic 
horseshoes of positive volume. On the other hand, Bowen has proved in 
Theorem 4.11] that a basic set (locally maximal hyperbolic set with 
a dense orbit) of a C 2 diffeomorphism which attracts a set with positive 
volume, necessarily attracts a neighborhood of itself. In particular, the 
unstable manifolds through points of this set must be contained in it, and 
consequently C 2 diffeomorphisms have no horseshoes with positive volume. 

For diffeomorphisms whose differentiability is higher than one, we prove 
the nonexistence of horseshoes with positive volume in a more general con- 
text of sets with some partially hyperbolic structure. Using our framework 
in the context of hyperbolic sets, we are able to show that Bowen's result still 
holds without the local maximality assumption, i.e. a transitive hyperbolic 
set which attracts a set with positive volume necessarily attracts a neighbor- 
hood of itself. Furthermore, we are able to prove that there are no proper 
transitive hyperbolic sets with positive volume for diffeomorphisms whose 
differentiability is higher than one. Similar results for sets with nonempty 
interior had already been obtained in ^ Theorem 1] and in [S| Theorem 
1.1]. On the other hand, as described in .1, Remark 2.1] or in (HJ Example 
2], there exist (non-transitive) hyperbolic sets with positive volume which 
do not attract neighborhoods of themselves. 
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Let us mention two more important results in this direction. It follows 
from |18| Theorem 2] that proper uniformly partially hyperbolic sets sup- 
porting a unique equilibrium state and attracting open neighborhoods of 
themselves necessarily have zero volume. In the conservative setting, 
Theorem 15] gives that a hyperbolic set for a volume preserving C 2 diffeo- 
morphism either has zero volume or coincides with the whole manifold. 

In this work we also give a good description of the limit set of almost every 
point in a hyperbolic set with positive volume: there is a finite number 
of basic sets for which the u;-limit set of Lebesgue almost every point is 
contained in one of these basic sets. We are also able to prove in a partially 
hyperbolic setting that these w-limit sets are contained in the closure of 
finitely many hyperbolic periodic points. 

Acknowledgement. We are grateful to M. Viana for valuable discussions 
and references on these topics. 

2. Statement of results 

Let / : M — ► M be a diffeomorphism of a compact connected Riemannian 
manifold M. We say that / is C 1+ if / is C 1 and Df is Holder continuous. 
We use Leb to denote a normalized volume form on the Borel sets of M 
that we call Lebesgue measure. Given a submanifold 7 C M we use Leb 7 
to denote the measure on 7 induced by the restriction of the Riemannian 
structure to 7. A set A C M is said to be invariant if /(A) = A, and 
positively invariant if /(A) C A. 

2.1. Partially hyperbolic sets. Let K be a positively invariant compact 
set, and define 

a = n r(K). 

n>0 

Suppose that there is a continuous splitting T^M = E CS ®E CU of the tangent 
bundle restricted to K, and assume that this splitting is ^/-invariant over A. 
We say that this is a dominated splitting (over A) if there is a constant 
< A < 1 such that for some choice of a Riemannian metric on M 

\\Df I E c x s \\ ■ \\Df- 1 I Ef [x) \\ < A, for every x e A. 

We call E cs the centre-stable bundle and E cu the centre-unstable bundle. A is 
said to be partially hyperbolic, if additionally E cs is uniformly contracting or 
E cu is uniformly expanding, meaning that there exists < A < 1 such that 

\\Df I E?\\ < A, for every xe A, 

or 

\\Df- 1 I Ef (x) || < A, for every x G A. 



4 



JOSE F. ALVES AND VILTON PINHEIRO 



We say that / is non-uniformly expanding along the centre-unstable direction 
in K if there is c > such that for Lebesgue almost every x G K 

1 n 

liminf - V log \\Df- 1 | Ef j[x) \\ < -c. (NUE) 

Condition INUEI means that the derivative has expanding behavior in the 
centre- unstable direction in average over the orbit of x for an infinite number 
of times. If condition lNUEI holds for every point in a compact invariant set A, 
then E cu is uniformly expanding in the centre-unstable direction in A. This 
is not necessarily the case if INUEI occurs only Lebesgue almost everywhere. 
A class of diffeomorphisms with a dominated splitting TM = E cs © E cu 
for which INUEI holds Lebesgue almost everywhere in M and E cu is not 
uniformly expanding can be found in 01 Appendix A] . 

We say that an embedded disk 7 C M is an unstable manifold, or an 
unstable disk, if dist(/ _n (x), f~ n (y)) — ► exponentially fast as n — ► 00, for 
every x,y G 7. Similarly, 7 is called a stable manifold, or a stable disk, if 
dist(/ n (x), f n (y)) — > exponentially fast as n — ► 00, for every x,y G 7. It 
is well-known that every point in a hyperbolic set possesses a local stable 
manifold W[ S oc (x) and a local unstable manifold W^ oc {x) which are disks 
tangent to E%. and E% at x respectively. A compact invariant set A is said 
to be horseshoe-like if there are local stable and local unstable manifolds 
through all its points which intersect A in a Cantor set. 

Theorem A. Let f : M — ► M be a C l+ diffeomorphism and let K C M be a 
forward invariant compact set with a continuous splitting T^M = E cs ®E ca 
dominated over A = DnX) / n (-^0- If ^NUEX holds for a positive Lebesgue set 
of points x G K , then A contains some local unstable disk. 

The next result is a direct consequence of Theorem^ whenever E cu is 
uniformly expanding. If, on the other hand, E cs is uniformly contracting, 
then we just have to apply Theorem lAl to 

Corollary B. Let f : M — » M be a C l+ diffeomorphism and let K C M 
be a compact invariant set with Leb(K) > having a continuous splitting 
TkM = E cs © E cu for which A = n«>o / n (^0 * s partially hyperbolic. 

(1) If E cs is uniformly contracting, then A contains a local stable disk. 

(2) // E cu is uniformly expanding, then A contains a local unstable disk. 

In particular, C 1+ diffeomorphisms have no partially hyperbolic horseshoe- 
like sets with positive volume. The same conclusion holds for partially hy- 
perbolic sets intersecting a local stable disk or a local unstable disk in a 
positive Lebesgue measure subset, as Corollary iDl below shows. 

Theorem C. Let f : M — > M be a C l+ diffeomorphism and let K C M be a 
forward invariant compact set with a continuous splitting TkM = E cs © E cu 
dominated over A = f]n>o f n (^)- Assume that there is a local unstable disk 
7 such that \NUE\ holds for every x in a positive Leb 7 subset of jtlK. Then 
A contains some local unstable disk. 
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The next result is an immediate consequence of Theorem [HI in the case 
that E cu is uniformly expanding, and a consequence of the same theorem 
applied to / _1 when E cs is uniformly contracting. Actually, we shall prove 
a stronger version of this result in Theorem 15.11 

Corollary D. Let f : M — > M be a C l+ diffeomorphism and let K C M 
be a forward invariant compact set having a continuous splitting T^M = 
E cs E cu dominated over A = Hn>o f n (K)- 

(1) If E cs is uniformly contracting and there is a local stable disk 7 such 
that Leb 7 (7 n K) > 0, then A contains a local stable disk. 

(2) If E cu is uniformly expanding and there is a local unstable disk 7 
such that Leb 7 (7 n K) > 0, then A contains a local unstable disk. 

Using the previous results we are able to give a description of the w-limit of 
Lebesgue almost every point in a partially hyperbolic whose center-unstable 
direction displays non-uniform expansion in a subset with positive volume. 
Recall that the u -limit of x 6 M is the set of accumulation points of its 
orbit. 

Theorem E. Let f : M — > M be a C 1+ diffeomorphism and let K C M be 
a forward invariant compact set with Leb(-fT) > having a continuous split- 
ting TkM = E cs ® E cu for which A = PlnX)/"^) * s partially hyperbolic. 
Assume that E cs is uniformly contracting and \NUE\ holds for Lebesgue al- 
most every x £ K. Then there are hyperbolic periodic points p±, . . . ,pk 6 A 
such that: 

(1) W u {pi) C A for each 1 < i < k; 

(2) for Leb almost every x £ K there is 1 < i < k with to(x) C W u (pi). 
Moreover, if E cu has dimension one, then for each 1 < i < k 

(3) W w {pi) attracts an open neighborhood of itself. 

This last conclusion also holds whenever E cs is uniformly contracting. 
Actually, more can be said in the case of uniformly hyperbolic sets with 
positive volume as we show in the next subsection. 

2.2. Hyperbolic sets. We say that a compact invariant set A is hyperbolic 
if there is a ^/-invariant splitting T^M = E s © E u of the tangent bun- 
dle restricted to A and a constant A < 1 such that (for some choice of a 
Riemannian metric on M) for every x G A 

\\Df\E s x \\<\ and \\Df~ 1 \ E^\\ < A. 

We are able to prove that transitive hyperbolic sets with positive volume 
necessarily coincide with the whole manifold, i.e. the diffeomorphism is 
Anosov. 

Theorem F. Let f : M —> M be a C 1+ diffeomorphism and let A C M be 
a transitive hyperbolic set. 

(1) If A has positive volume, then A = M. 
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(2) If A attracts a set with positive volume, then A attracts a neighbor- 
hood of itself. 

The main reason why we cannot generalize the results in this subsec- 
tion to the context of partially hyperbolic sets is that the length of local 
stable/unstable manifolds may shrink to zero when iterated back/forth, re- 
spectively. The next result gives a description of the w-limit of Lebesgue 
almost every point in a hyperbolic set with positive volume. Taking f^ 1 a 
similar decomposition holds for a-limits. 

Theorem G (Spectral Decomposition). Let f : M — » M be a C 1+ diffeo- 
morphism and let A C M be a hyperbolic set with positive volume. There 
are hyperbolic sets fix, . . . , Cl q C A such that: 

(1) for Leb almost every x 6 A there is 1 < i < q such that lo{x) C Oj/ 

(2) Qj attracts a neighborhood of itself in M, for each 1 < j < q; 

(3) /| fife is transitive; 

(4) Per(/) is dense in for each 1 < j < q. 

Moreover, for each 1 < k < q there is a decomposition of Q k into disjoint 
hyperbolic sets £lk = £lkl U • • • U Qk,n k such that: 

(5) f(ilk,i) = ^k,i+l, forl<i< n k , and /(O fc) „ fc ) = Vt k>1 ; 

(6) f nk '■ &>k,i ^k,i is topologically mixing for every 1 < i < nk- 

2.3. Overview. This paper is organized in the following way. In Section |31 
we present some results from |3j on the Holder control of the tangent di- 
rection of certain submanifolds, and in Section 0] we derive some bounded 
distortion results. Theorem lAl and Theorem [0 are actually corollaries of a 
slightly more general result that we present at the beginning of Section 03 
Let us mention that the results in Section (specially Lemma I5.4J) are not 
consequence of the results in 4,, since we are using a weaker form of non- 
uniform expansion in INUEI Theorem IE1 is proved in Sectional Finally, in 
Sectional we prove Theorem IF1 and Theorem IU1 

3. Holder control of tangent direction 

In this we present some results in |1J Section 2] concerning the Holder 
control of the tangent direction of submanifolds. Although those results are 
stated for C 2 diffeomorphims, they are valid for diffeomorphisms of class 
C 1+ , as observed in 4, Remark 2.3]. 

Let K be a positively invariant compact set for which there is a continuous 
splitting TkM = E cs © E cu of the tangent bundle restricted to K which is 
-D_f-invariant over 

A=f]r(K). 

n>0 

We fix continuous extensions of the two bundles E cs and E cu to some com- 
pact neighborhood U of A, that we still denote by E cs and E cu . Replacing K 
by a forward iterate of it, if necessary, we may assume that K C U. 
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Given < a < 1, we define the centre-unstable cone field {C™(x)) x&u of 
width a by 

Cl u (x) = { Vl + v 2 £ E C X S ®E C X U such that \\v x \\ < a||u 2 ||}. (1) 

We define the centre-stable cone field (C^ s (x)) xeU of width a in a similar 
way, just reversing the roles of the subbundles in 

We fix a > and U small enough so that, up to slightly increasing A < 1, 
the domination condition remains valid for any pair of vectors in the two 
cone fields, i.e. 

\\Df(x)v cs \\ • \\Df-\f{x))v cu \\ < A|K1 IK1, 

for every v cs £ C^ s (x), v cu £ C^ u (f(x)), and any x £ UP\f~ l (U). Note that 
the centre-unstable cone field is positively invariant: 

Df(x)CT(x) C CT (/(x)), whenever x, f(x) £ U. 

Indeed, the domination property together with the invariance of E cu over A 
imply that 

Df{x)CT(x) C CZ(m) (2) 
for every x £ A. This extends to any x £ U D f (U) just by continuity, 
slightly increasing A < 1, if necessary. 

Remark 3.1. The invariance of the splitting TkM = E cs © E cu is used 
in [3] to derive conclusions for the points in the small neighborhood U of K. 
Although here we are taking the invariance of the splitting just restricted 
to A, since we are assuming K C U, where U is a small neighborhood of 
A, the results of [3J Section 2.1] are still valid in our situation. See also [U 
Remark 2.1]. 

We say that an embedded C 1 submanifold N C U is tangent to the centre- 
unstable cone field if the tangent subspace to N at each point x £ N is 
contained in the corresponding cone C^ u (x). Then f(N) is also tangent to 
the centre-unstable cone field, if it is contained in U, by the domination 
property. 

We choose 5$ > small enough so that the inverse of the exponential map 
exp^ is defined on the 5q neighbourhood of every point x in U. From now on 
we identify this neighbourhood of x with the corresponding neighbourhood 
U x of the origin in T X N, through the local chart defined by exp" 1 . Reducing 
do, if necessary, we may suppose that E x s is contained in the centre-stable 
cone C^ s (y) of every y £ U x . In particular, the intersection of C^ u (y) with 
E x s reduces to the zero vector. Then, the tangent space to N at y is parallel 
to the graph of a unique linear map A x (y) : T X N — * E x s . Given constants 
C > and < £ < 1, we say that the tangent bundle to N is (C,^) -Holder 
if for every y £ N n U x and x £ Vq 

\\A x {y)\\<Cd x (yf, (3) 

where d x (y) denotes the distance from x to y along N DU X , defined as the 
length of the shortest curve connecting x to y inside N n U x . 
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Recall that we have chosen the neighbourhood U and the cone width a 
sufficiently small so that the domination property remains valid for vectors 
in the cones C^ s (z), C^ u (z), and for any point z in U. Then, there exist 
Ai G (A, 1) and ( G (0, 1] such that 

\\Df{z)v cs \\ ■ \\Df- l U{z))v cu \\ 1+C < Ai < 1 (4) 

for every norm 1 vectors v cs G C^ s (z) and v cu G C^ u (z), at any z G U. Then, 
up to reducing 5q > and slightly increasing Ai < 1, condition Q remains 
true if we replace z by any y G U x , with x £ U (taking || • || to mean the 
Riemannian metric in the corresponding local chart). 

We fix £ and Ai as above. Given a C 1 submanifold N C U, we define 

«(iV) = inf{C > : the tangent bundle of N is (C, C)-H61der}. (5) 

The next result appears in [IJ Corollary 2.4]. 

Proposition 3.2. There exists C% > suc/i f/jai, given any C 1 submanifold 
N C U tangent to the centre-unstable cone field, 

(1) there exists uq > 1 such that K(f n (N)) < C\ for every n>n$ such 
that f k (N) CU for all < k < n; 

(2) if k(N) < C\, then the same is true for every iterate f n (N) such 
that f k (N) CU for all < k < n; 

(3) in particular, if N and n are as in (2), then the functions 

Jk :f k (N)Bx^ log | det (Df | T x f k (N))\, < k < n, 
are (L, Q-Holder continuous with L > depending only on C\ and f . 

4. Hyperbolic times and bounded distortion 

Let K C M be a forward invariant compact set and let A C K C U be as 
in Sectional The following notion will allow us to derive uniform behaviour 
(expansion, distortion) from the non-uniform expansion. 

Definition 4.1. Given a < f , we say that n is a a -hyperbolic time for x G K 
if 

n 

Yl \\Df- 1 I Efi, x) \\ < a k , for all f < k < n. 

j=n—k+l 

If a > is taken sufficiently small in the definition of our cone fields, and 
we choose 5± > also small so that the ^-neighborhood of K should be 
contained in U, then by continuity 

\\Df-\f{y))v\\<^\\Df- l \Ef {x) \\\\v\l (6) 

whenever x G K, dist(x,y) < Si and v G C^ u (f(y)). 

Given any disk A C M, we use distA(a?, y) to denote the distance between 
x, y G A measured along A. The distance from a point x G A to the 
boundary of A is distA^c, dA) = infyg^A distA(x, y). 
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Lemma 4.2. Take any C 1 disk A C U of radius 5, with < 5 < 5\, tangent 
to the centre-unstable cone field. There is no > 1 such that for x € A n K 
with distAfx, dA) > 5/2 and n > no is a a -hyperbolic time for x, then there 
is a neighborhood V n of x in A such that: 

(1) f n maps V n diffeomorphically onto a disk of radius 5\ around f n (x) 
tangent to the centre-unstable cone field; 

(2) for every 1 < k < n and y,z £ V n , 

&\ S t fn - k{yn) (r- k (y),t~ k (z)) < a k / 2 d\ S t fHVn) (r(y),r(z)); 

(3) for every 1 < k < n and y G V n , 

n 

II \\ D r l \ E P{y)\\<° kl2 - 

j=n—k+l 

Proof. First we show that / n (A) contains some disk of radius 5\ around 
f n (x), as long as 

„ > 2*™. (7) 
log(o-) 

Define Ai as the connected component of /(A) n U containing fix). For 
k > 1, we inductively define A^+i C / fc+1 (A) as the connected component 
of /(Afc) n J7 containing We shall prove that A n contains some 

disk of radius <5i around f n (x), for n as in (JZJ). Observe that since Aj C f7, 
the invariance (j2J gives that for every j > 1 

T^Aj C C$ a (w), for every G Aj. (8) 

Let % be a curve of minimal length in A n connecting f n (x) to f n (y) € A n 
for which dist^ n {f n {x), f n (y)) < 5\. For < k < n, writing % = f~ k (rjo) 
we have % C A n „^. We prove by induction that length^) < a k ' 2 5i, for 
< k < n. Let 1 < k < n and assume that 

length(nj) < a j ^ 2 5\, for < j < k — 1. 

Denote by rjo(u)) the tangent vector to the curve % a t the point w. Using 
the fact that % C A n _£ and (jSJ we have 

Then, by the choice of <5i in and the definition of u-hyperbolic time, 

n 

\\Df- k HvoW\\ < °- k/2 ll^oNII n pr 1 !^,)! < ^ /2 HoHII- 

j=n— fc+1 

Hence, 

length(n fc ) < o- fc/2 length (r?o) < cr fc/2 5i . 
This completes our induction. 
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In particular we have length(?7 n ) < a n l 2 b~\ . Moreover, the k preimage of 
the ball of radius 5± in A n centered at f n {x) is contained in U for each 
1 < k < n. If 7] n is a curve in A connecting x to y G dA, then we must have 

M(S/(2S 1 )) 



n<2- 



log(cr) 



Hence f n (A) contains some disk of radius 5i around f n (x) for n as in ((TJ). 

Let now D\ be the disk of radius 5± around f n (x) in / n (A) and let 
V n = f~ n (Di), for n as in ((7J). Take any y, z £ V n and let r/Q be a curve of 
minimal length in D\ connecting f n (y) to f n (z). Defining % = f n ~ k (r]o), 
for 1 < A; < n, and arguing as before we inductively prove that for 1 < k < n 

length( % ) < CT fe / 2 length^) = <r k/2 dist fn{Vn) {f n (y), f n (z)), 

which implies that for 1 < k < n 

dist fn - k{Vn) (p- k (y),r- k (z)) < a k / 2 d\ S t r(Vn) (r(y),r(z)). 

This completes the proof of the first two items of the lemma. 

Given y G V n we have dist(/ : '(x), f^(y)) < Si for every 1 < j < n, which 
together with Q gives 

n n 

II \\Dr l \E^ {y) \\<o- k l 2 H \\Dr'\Ejj (x) \\<a k / 2 . 

j=n—k+l j'=n— fc+1 

Recall that f J (x) G K for every j, and n is a cr-hyperbolic time for x. □ 

We shall sometimes refer to the sets V n as hyperbolic pre-balls and to their 
images f n (V n ) as hyperbolic balls. Notice that the latter are indeed balls of 
radius 8%. 

Corollary 4.3 (Bounded Distortion). There exists C2 > 1 such that 
given A as in Lemma \4-2\ with k(A) < C\, and given any hyperbolic pre-ball 
V n C A with n > no, then for all y,z G V n 

1 \detDp \T y A\ 
C 2 ~ \det Df n I T Z A\ ~ 2 ' 

Proof. For < i < n and y G A, we denote Jj(y) = | det Df \ Tf i r y - ) f i (A)\. 
Then, 

log I detAf" I r y A| = y . _ , 

1 i=0 
By Proposition 1221 log Jj is (L, £)-H61der continuous, for some uniform con- 
stant L > 0. Moreover, by Lemma 14,21 the sum of all distA(/ J f~*(z))^ 
over < j < n is bounded by 5i/(l — <W 2 ). Now it suffices to take 
C 2 = exp(L<Ji/(l - a^ 2 )). □ 
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5. A LOCAL UNSTABLE DISK INSIDE A 



Now we are able to prove Theorems [X] an d 10 These will be obtained 
as corollaries of the next result slightly more general result, as we shall see 
next. Take K C M a forward invariant compact set and let A C K C U be 
as before. 

Theorem 5.1. Let f : M — » M be a C 1+ diffeomorphism and let K C M be 
a forward invariant compact set with a continuous splitting TrM = E cs ® 
E cu dominated over A = f] n>0 f n {K). Assume that there is a disk A tangent 
to the centre-unstable cone field with LebA(An-ftT) > such that \NU'E^ holds 
for every x E A Pi K. Then A contains some local unstable disk. 

Let us show that Theorem 15.11 implies Theorem [3 Assume that INUEI 
holds for Lebesgue almost every x G K with Leb(K) > 0. Choosing a Leb 
density point of K, we laminate a neighborhood of that point into disks 
tangent to the centre- unstable cone field contained in U. Since the relative 
Lebesgue measure of the intersections of these disks with K cannot be all 
equal to zero, we obtain some disk A as in the assumption of Theorem 15. II 

For showing that Theorem l5.1l implies Theorem !^ we just have to observe 
that local stable manifolds are tangent to the centre-unstable subspaces and 
these vary continuously with the points in K, thus being tangent to the 
centre-unstable cone field. 

In the remaining of this section we shall prove Theorem 15.11 Let A be 
a disk tangent to the centre-unstable cone field intersecting K in a positive 
LebA subset. Since INt JEI remains valid under positive iteration, by Propo- 
sition E21 we may assume that k(A) < C%. It is no restriction to assume 
that K intersects the sub-disk of A of radius 5/2, for some < 6 < S±, in a 
positive LebA subset, and we do so. 

The following lemma is due to Pliss JS] > and a proof of it in this precise 
form can be found in |H Lemma 3.1]. 

Lemma 5.2. Given A > C2 > c\ > there exists 8 > such that for any 
real numbers a±, . . . , ajv with aj < A and 



N 




for every 1 < j < N, 



3=1 



there are I > ON and 1 < n\ < ■ 



< Tii — N so that 




aj > c\{rii — n), for every < n < ni and 1 < i < I. 



j=n+l 



Corollary 5.3. There is a > such that every x £ A n K has infinitely 
many a -hyperbolic times. 
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Proof. Given x £ A Pi K, bv lNUEl we have infinitely many positive integers 
./V for which 

N 

Y,^\\ D r 1 \Ef ]{x) \\<- c -N. 

3=1 

Then it suffices to take c\ = c/2, C2 = c, A = sup | log ||i?/ _1 |^ cu || |, and 
a,j = — log \\Df~ \Ep, x %|| in the previous lemma. □ 

Note that under assumption INUEl we are unable to prove the existence 
of a positive frequency of hyperbolic times at infinity as in f.4; Corollary 
3.2]. This would be possible if we had taken limsup instead of liminf in 
the definition of INUEl The existence of infinitely many hyperbolic times is 
enough for what comes next. 

Lemma 5.4. Let O be an open set in A such that Leb^^OnR) > 0. Given 
any small p > there is a hyperbolic time n, a hyperbolic pre-ball V C O 
and W C V such that A n = f n (W) is a disk of radius <5i/4 tangent to the 
centre-unstable cone field, and LebA n (f n (K)) > (1 — /j)LebA„(A n ). 

Proof. Take a small number e > 0. Let C be a compact subset of O n K 
and let A be an open neighborhood of O n K in A such that 

Leb A (A\C) < eLeb A (C). 

It follows from Corollarv l5.3l and Lemma l4.2l that we can choose for each x £ 
C a cr-hyperbolic time n{x) and a hyperbolic pre-ball V x such that V x C A. 
Recall that V x is the neighborhood of x which is mapped diffeomorphically 
by / n w onto a ball Bs 1 (f n ^ x \x)) of radius 6\ around f n ( x \x), tangent to 
the centre-unstable cone field. Let W x C V x be the pre-image of the ball 
B^ 1 j i {f n ^ x \x)) of radius <5i/4 under this diffeomorphism. By compactness 
there are xi, ...,x m £ C such that C C W Xl U ... U W Xs . Writing 

{ni,...,n s } = {n(xi),...,n(x m )}, with ni < n 2 < ... < n s , (9) 

let 1\ C N be a maximal set of {1, m} such that if i £ I\ then n(xi) = n\ 
and W Xi n W Xj = for all j € I\ with j ^ i. Inductively we define Ik for 
2 < k < s as follows: Supposing that Ik-i has already been defined, let 
Ik C N be a maximal set of {1, . . . , m} such that if i £ then n(xi) = 
and W Xi n W Xj = for all j £ I k with j / i, and also W :ri n = for all 
j £ Ji U ... U J fc _i. 

Let 7 = ii U • • • U J s . By maximality, each W x ., for 1 < j < m, intersects 
some W Xi with i £ I and n(xj) > n(xj). Thus, given any 1 < j < m and 
taking i £ / such that W s . n H / Xi 7^ and > n(xi), we get 

/ n(Xl) (^)n% /4 (r^)(x 4 ))/0. 

Lemma 14.21 assures that 

diam(f n( - x *\w x )) < ^ CT (™fe)-«(^))/2 < ^ 5 

J O Q 
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and so 

This implies that W Xj C V x .. Hence {V Xi }i£i is a covering of C. It follows 
from Corollary 14.31 that there is a uniform constant 7 > such that 

Hence 

Leb A (u ieI W Xi ) = ^ LebA ^) 

ie/ 

> ^ 7 LebA(Kj 

iei 

> 7 LebA ( U ieJ V^J 

> 7 Leb A (C). 



Setting 



. (heb A (W Xi \C) 
mm < —, \ : 1 €. I 



we have 

eLeb A (K) > Leb A (A\C) 



> Leb A ( U, e/ W Xi \ C) 

> ^2~Leb A (W Xi \ C) 



> pLeb A (U ie/ W Xi ) 

> P1 Leb A {C). 

This implies that p < e/7. Since e > can be taken arbitrarily small, we 
may choose W Xi with the relative Lebesgue measure of C in W Xi arbitrarily 
close to 1. Then, by bounded distortion, the relative Lebesgue measure of 
d /K*i)(C7) in (W^), which is a disk of radius <5i/4 around 
f n ( x i)( Xi ) tangent to centre-unstable cone field, is also arbitrarily close to 1. 
Observe that since points in K have infinitely many <r-hyperbolic times, we 
may take the integer n(xi) arbitrarily large, as long as n\ in Q is also taken 
large enough. □ 

Proposition 5.5. There are a sequence of sets W\ D W2 3 ■ • • and a 

sequence of positive integers n\ < n-i < • • ■ such that: 

(1) Wk is contained in some hyperbolic pre-ball with hyperbolic time n^; 

(2) A/% = /™ fc (Wfc) is a disk of radius 8\/A, centered at some point x^, 
tangent to the centre-unstable cone field; 

(3) f nk (yVk+\) is contained in the disk of radius S\/8 centered at x^; 

(4) lim !MM = 1 , 

fc^oo Leb Ak (Ak) 
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Proof. Take a constant < p < 1 such that for any disk D of radius 5±/4 
centered at some point x tangent to the centre-unstable cone field the fol- 
lowing holds: if Lebn (A) > (1 — p)Lebn(D) for some A C D, then we must 
have LebD*(A) > 0, where D* C D is the disk of radius 5i/8 centered at 
the same point x. Note that it is possible to make a choice of p in these 
conditions only depending on the radius of the disk and the dimension of the 
disk. Surely, once we have chosen some p satisfying the required property, 
then any smaller number still has that property. 

We shall use Lemma 15.41 successively in order to define the sequence of 
sets (Wk)k and hyperbolic times (nk)k inductively. Let us start with O = A 
and < p < 1 with the property above. By Lemma 15.41 there are n\ > 1 
and W\ C V\ C O, where V% is a hyperbolic pre-ball with hyperbolic time 
ni, such that Ax = f ni (Wi) is a disk of radius (5i/4 centered at some point 
xi, tangent to the centre-unstable cone field, with 

Leb Al (/" 1 W) > 
Leb Al (Ai) " P ' 

Considering A \ C Ai the disk of radius <5i/8 centered at x\, then by the 
choice of p we have LebA*(/ ni (-£0) > 0. Let 0\ C W\ be the part of W\ 
which is sent by f ni diffeomorphically onto A*. We have LebA(Oi (~)K) > 0. 

Next we apply Lemma 15.41 to O = 0\ and p/2'm the place of p. Then we 
find a hyperbolic time ri2 and W2 C 0\ such that A2 = f n2 {W'i) satisfies 

Leb A2 (/ ra2 W) > 1 P 
Leb A2 (A 2 ) " 2' 

Observe that W% C 0\ C W\. Then we take O2 C W2 as that part of W2 
which is sent by f n2 diffeomorphically onto the disk Ag of radius <5i/8 and 
proceed inductively. □ 

The next proposition gives the conclusion of Theorem 15.11 

Proposition 5.6. The sequence (Afc)fc has a subsequence converging to a 
local unstable disk Aqo of radius <5i/4 inside A. 

Proof. Let (Afc)& be the sequence of disks given by Proposition 15 . 51 and (xf.)k 
be the sequence of points at which these disks are centered. Up to taking 
subsequences, we may assume that the centers of the disks converge to some 
point x. Using Ascoli-Arzela, a subsequence of the disks converge to some 
disk Aqo centered at x. We necessarily have Aoo C A. 

Note that each A& is contained in the n^-iterate of A, which is a disk 
tangent to the centre-unstable cone field. The domination property implies 
that the angle between A& and E cu goes uniformly to as n — > 00. In 
particular, Aoo is tangent to E cu at every point in Aoo C A. By Lemma l4.2l 
given any n > 1, then f~ n is a cr n//2 -contraction on A^ for every large 
k. Passing to the limit, we get that / _n is a cr n//2 -contr action in the E cu 
direction ov6r Aqo for every ti ^ 1. Th.6 fact that the D ^-invariant splitting 
TaM = E cs © E cu is dominated implies that any expansion Df may exhibit 
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along the complementary direction E cs is weaker than the expansion in the 
E cu direction. Then there exists a unique unstable manifold W^ oc {x) tangent 
to E cu and which is contracted by the negative iterates of /; see |14j . Since 
Aqo is contracted by every f~ n , and all its negative iterates are tangent to 
centre-unstable cone field, then A^ is contained in W^ oc {x). □ 

6. Existence of hyperbolic periodic points 

Here we prove Theorem IE1 By Proposition 15.51 there exist a sequence of 
sets W\ D W2 D • • • contained in A and a sequence of positive integers 
Til < TI2 < • ■ • such that: 

(1) Wk is contained in some hyperbolic pre-ball with hyperbolic time n&; 

(2) Afc = f nk (Wk) is a disk of radius <5i/4, centered at some point x^, 
tangent to the centre-unstable cone field; 

(3) f rtk (Wk+i) is contained in the disk A* k of radius 5\/8 centered at x k . 

Taking a subsequence, if necessary, we have by Proposition 15.61 that the 
sequence of disks (A^)fc accumulates on a local unstable disk Aoo of radius 
5i/4 which is contained in A. Our aim now is to prove that A contains the 
unstable manifold of some periodic point. 

Similarly to ©, we choose 5 > small so that Wg(z) is defined for every 
z E A, the 25-neighborhood of A is contained in U, and 

\\Dr\f(y))v\\ < a-^WDf-^Ef^W \\v\\, (10) 

whenever x € U, dist(x,y) < 26, and v £ C™(y). 

Proposition 6.1. Given A\ C A with Leb(Ai) > 0, there exist a hyperbolic 
periodic point p £ A and 82 > ( not depending on p) such that: 

(1) WHpj C A; 

(2) the size of W^ c (p) is at least 82; 

(3) Leb^ ( p ) almost every point in Wf oc {p) belongs to H ; 

(4) there is x £ Ai with u{x) C W u (p). 

Proof. Let x denote the center of the accumulation disk A^ . Let us consider 
the cylinder 

C S = (J Wi(x), 

and the projection along local stable manifolds 

7r: Cs — > Aqo. 

Slightly diminishing the radius of the disk A^, if necessary, we may assume 
that there is a positive integer ko such that for every k > ko 

ir(A k n C s ) = Aoo and A£ C C s . (11) 

For each k > ko let 

ir k : Aqo — * A fc 
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be the projection along the local stable manifolds. Notice that these pro- 
jections are continuous and n o ir k = idA^ • Take a positive integer k\ > ko 
sufficiently large so that 

vr(A fel nC 5/2 ) = Aoo and \ n *i- n *o < I. (12) 

We have 

which together with and (|12|) implies that there is some disk Ao C Aoo 
such that 

7 ro/^ 1 -^oo7r feo (A )=A 00 . 

Thus there must be some z G Ao C A^ which is a fixed point for the 
continuous map 7ro/ nfc i _rafc o on^. This means that there are z ko , z kl G WHz) 
with z ko G A^ and z kl G A^ such that f nk i~ nk o (z ko ) = z kl . Letting 
7 = Wg(z), we have dist 7 (w, z kl ) < 25 for every w G 7. This implies that 

dist 7 (/ nfc i- nfc o(u>),z fcl ) = dist 7 (/ nfe i- nfc o(u>),/ nfe i- nfc o(z fco )) < 25A nfc i" nfe o, 

which together with ()12l) gives 

dist 7 (/^i"^o(u;),z) < di^^H,^) +dist 7 (z fel ,z) < 5. 

We conclude that f n H~ nk o (W|(z)) C Since W$(z) is a topological 

disk, this implies that WHz) must necessarily contain some periodic point 
p of period m = n kl — n ko . As z G A^ and p G W$(z) it follows that p G A, 
by closeness of A. 

Let us now prove that p is a hyperbolic point. As p G W|(z), it is enough 
to show that \\Df~ m \ Ef m , J < 1. Let g = n / nfe o(W fcl ). Observe 

that since p G AD Wg(z), then g belongs to the 25-neighborhood of A, which 
is contained in U. Since W kl is contained in some hyperbolic pre-ball with 
hyperbolic time n kl , it follows from Lemma 14.21 that for every 1 < j < n kl 
and y G W kl , 

\\Dr j \Ef nkl{y) \\<oH\ 
In particular, taking j = m = n kl — n ko and y = / _nfc o (g), we have 

\\Df- m \Ef m(q) \\<o m l 2 . 
The choice of 5 in (JlOj) together with the fact that p,q G VFKz) imply that 

m 

||z?r m l^( P )ll < nil^/" 1 !^)!! ( 13 ) 

< a— / 4 Hp/" 1 1*7%) H 

< <r m/4 . (14) 
Thus we have proved the hyperbolicity of p. 



PARTIALLY HYPERBOLIC SETS 



17 



Now since p is a hyperbolic periodic point, there is W^ c {p) a local unstable 
manifold through p tangent to the center unstable bundle. As Aqo cuts 
transversely the local stable manifold through p, then using the A- lemma we 
deduce that the positive iterates of Aqo accumulate on the unstable manifold 
through p. Since these iterates are all contained in A and A is a closed set, 
we must have W u (p) C A, which then implies that W u (p) C A. Thus we 
have proved the first part of the result. 

By ()13|) and (|14|) we deduce that every multiple of m is a c 1//4 -hyperbolic 
time for p. Then we choose 82 > such that an inequality as in © holds 
with 82 in the place of 5± and a 1 / 8 in the place of a 1 / 2 . Using Lemma 14.21 
with Wj" (p) in the place of A and taking a sufficiently large cr 1//4 -hyperbolic 
time for p we deduce that there is a hyperbolic pre-ball inside (p). This 
imples that its image by the hypebolic time, which is a disk of radius 82 
around p, is contained in the local unstable manifold of p. This gives the 
second part of the result. 

Observe that as long as we take the local unstable manifold through 
p small enough, then every point in W^ c (p) belongs to the local stable 
manifold of some point in A^. By construction, Aoo is accumulated by the 
disks A*; = f nk (Wk) which, by Proposition 15.51 satisfy 

U ^™» = 1. (15) 
fc^oc Leb Afc (A fc ) 

Since H is positively invariant, we have 

Mm = 1. 

k^oo LebA fc (A fc ) 

Let now ip : A —* R be the continuous function given by 

tp{x) = log\\Df- 1 \E™l 

Since Birkhoff 's time averages are constant for points in a same local stable 
manifold and the local stable foliation is absolutely continuous, we deduce 
that 

Leb A jH) _ L 
Leb Aoo (A 00 ) 

The same conclusion holds for the local unstable manifold of p in the place 
of Aqo by the same reason. 

Let us now prove the last item. Since H has full Lebesgue measure in A 
and Ai C A has positive Lebesgue measure, we may start our construction 
with the set H\ = H f] A% in the place of H intersecting the disk A in a 
positive LebA measure set of points. Although we have not invariance of H\, 
by (fT5*|) we still have the property that the iterates of H\ C Ai accumulate 
on the whole Aqo. Since the stable manifolds through points in W^ c (p) 
intersect A^, there must be points in Ai accumulating on W^ c (p). □ 

Let p\ be a hyperbolic periodic point as in Proposition 16.11 Let B\ be 
the basin of W u (pi), i.e. the set of points x whose w-limit is contained in 
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W u (pi). If Leb(A \ B\) = 0, then we have proved the theorem. Otherwise, 
let Ai = A \ B\. Using again Proposition 16. II we obtain a point p2 € A such 
that the basin B2 of W u {p2) attracts some point of A\. By definition of Ai 
we must have W u {p\) / W u (p2). 

We proceed inductively, thus obtaining periodic points p\,...,p n G A 
with W u (pi) / W u (pj) for every i ^ j. This process must stop after a finite 
number of steps. Actually, if there were an infinite sequence of points as 
above, by compactness, choosing p^ , p i2 sufficiently close, using the inclina- 
tion lemma we would get W u (pi 1 ) = W u (pi 2 ). 

So far we have proved the first two items of Theorem El Assume now 
that E cu has dimension one. We want to show that each W u (pi) attracts an 
open set containing W u (pi). Given 1 < i < k, by Proposition ^. II we can find 
at least one point on each connected component of W u (pi) \ {pi} belonging 
to H. Since these these points have infinitely many hyperbolic times, then 
each connected component of W u {pi) \ {p{\ must necessarily have infinite 
arc length; recall Lemma 14.21 This implies that each point x S W u (pi) has 
an unstable arc ^ u (x) C W u (pi) of a fixed length passing through it. Let 

B(x) = |J Wl(y). 

By domination, the angles of "y u (x) and the local stable manifolds Wi(y) 
with y £ 7 u (x) are uniformly bounded away from zero. Thus, B(x) must 
contain some ball of uniform radius (not depending on x), and so the set 
UiGW(pi) B{x) is a neighborhood of W u (pi). Since, for each x £ W u (pi), 
the points in B(x) have their w-limit set contained in W u (pi), we are done. 

7. Hyperbolic sets with positive volume 

In this section we prove Theorem El and Theorem [Ul Since in the present 
situation DflE™ is uniformly expanding, then we have INUEl for every x E A. 

7.1. Transitive case. Assume first that A has positive volume. It follows 
from Corollary El that A must contain some local unstable disk. The first 
item of Theorem El is a consequence of the following folklore lemma whose 
proof we give here for the sake of completeness. 

Lemma 7.1. If A is a transitive hyperbolic set containing the local unstable 
manifold of some point, then A contains the local unstable manifolds of all 
its points. 

Proof. Take 5 > small such that Wg(x) and Wg(y) intersects at most in 
one point, for every x, y £ A, and assume that W'^xq) £ A for some xo G A. 
Let z G A be a point with dense orbit in A. It is no restriction to assume 
that Wg(z) intersects W^xo), and we do so. Let x\ = Wg(z) n Wg(xo). 
We also have Wg{x\) C A. Given any point y £ A, we take a sequence of 
integers = n\ < nz < ■ ■ ■ such that f nk (z) — > y, when k — > 00. Since x\ £ 
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W s (z) we also have Xk '■= f nh {x\) - ► y, when k — ► oo. The local unstable 
manifolds through the points xi,X2,--- are necessarily contained in A and 
accumulate on a disk D(y) contained in A and containing y. Since the local 
unstable disks are tangent to the unstable spaces, the continuity of these 
spaces implies that T w D{y) = E™ for every w G D(y). By uniqueness of 
the unstable foliation, we must have D(y) coinciding with the local unstable 
manifold through y. □ 

Using the previous lemma applied to / , we have that A must also 
contain the stable manifolds through its points. Then we easily deduce that 
every point in A belongs in the interior of A, thus showing that A is an open 
set. Since A is assumed to be closed, we conclude that A = M, thus having 
proved the first part of Theorem El 

Lemma 7.2. Let A be a hyperbolic set attracting a set with positive volume. 
Then there is a point in A whose local unstable manifold is contained in A. 

Proof. We fix continuous extensions (not necessarily continuous) of the two 
bundles E cs and E cu to some neighborhood U of A. Let A be the set of 
points which are attracted to A under positive iteration. Since A has positive 
volume, there must be some compact set C C A with positive volume, and 
some N £ N such that f n (C) C U for every n > N. Letting 

K = |J / n (C)UA 

n>N 

we have that K is compact forward invariant set with positive volume for 
which 

a = n r (k). 

n>l 

The conclusion of the lemma then follows from Theorem El d 

The second part of Theorem[Flcan be now easily deduced from Lemma f7.ll 
and Lemma 17.21 Actually, it follows from the lemmas that 

U Wg(x) 
xeA 

is a neighborhood of A whose points are attracted to A under positive iter- 
ation. 

7.2. Nontransitive case. Here we consider the case hyperbolic sets with 
positive volume not necessarily transitive and prove Theorem 

Let S = W u (p) C A, where p is a hyperbolic periodic point given by 
Proposition 16.11 We claim that S contains the local unstable manifolds of 
all its points. Indeed, if x € E, then there is a sequence (x n ) n of points 
in W u (p) converging to x. The continuous variation of the local unstable 
manifolds gives that the local unstable manifolds of the points x n , which 
are contained in E, accumulate on the local unstable manifold of x. By 
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closeness, the local unstable manifold of x must be contained in S. Thus, 
defining 

A = |J Wiix) 

we have that A is a neighborhood of E whose points have their w-limit set 
contained in S. Since S is a hyperbolic set with a local product struc- 
ture attracting an open neighborhood of itself, then by Theorem 18.3.1] 
there are hyperbolic invariant sets fix, . . . ,fl s C S C A verifying (3)-(6) of 
Theorem |H] Moreover, their union is the set of non- wandering points of / 
in S, 

NW(f\T,) =fiiu-un s . 

Since L(/|S) C J\W(/|£), this implies that uj(x) C fii U • • ■ U fl s for every 
x £ A. Recall that every point in ^4 belongs to the stable manifold of some 
point in S. Now since fix, ■ ■ ■ ,fl s are disjoint compact invariant sets, given 
x £ A, we must even have u(x) C fij for some 1 < i < s. Reordering these 
sets if necessary, let Oi,... ,fl q , for some q < s, be those which attract a 
set with positive Lebesgue measure. By Theorem [F] and transitivity, each 
fix, ■ ■ ■ , fl q attracts a neighborhood of itself. 
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